Abstract-Recent studies demonstrated that chaotic spike sequences appearing in the context of incomplete homoclinic scenarios can be understood in terms of excitability of chaotic attractors. So far, this particular dynamic has been found in a semiconductor laser with optoelectronic feedback. Here, we show that the same phenomenology occurs also in light-emitting diodes, which are ideal candidates for the implementation of a complex network on a chip. In particular, we study the appearance of both stochastic incoherence (SI) and stochastic coherence (SC) in a single unit, as well as in two coupled units. We demonstrate experimentally and explore numerically the enhancement of SC and worsening of SI induced by coupling systems in array.
I. Introduction
E XCITABLE behavior can be found in a variety of systems studied in many fields, including neural sciences, chemistry, physics, and engineering [1] - [4] . Excitable systems possess a stable attractor (rest state) that can be forced to spike by stimuli of amplitude above a given threshold. Each spike is associated with a precise orbit in the phase space that does not depend on the detailed nature of the stimulus and during which the system is insensitive to any new, abovethreshold, perturbation. In 2-D excitable systems, the rest state is a fixed point or a (subthreshold) limit cycle. Here, excitable pulses can only be observed by adding external perturbations or in the presence of noise. On the other hand, higherdimensional phase-spaces allow existence of small-amplitude periodic and chaotic attractors, produced through a perioddoubling sequence. A chaotic rest state might sporadically overcome the threshold and trigger the excitable response, thus producing an erratic-although fully deterministic-sequence of spikes on top of a chaotic background [5] . This scenario, reminiscent of Shilnikov homoclinic chaos (although no homoclinic connection occurs), has been observed in a variety of chemical systems [6] - [8] and recently in the dynamics of a semiconductor laser with optoelectronic feedback [9] . Further experiments in this system have shown that each of the periodic attractors within the period-doubling cascade is excitable [10] , thus extending the concept of excitability, usually associated with fixed points, also to the case of higherdimensional attractors.
A clear way to distinguish excitable pulses triggered deterministically (i.e., by a chaotic background) or stochastically (i.e., by externally added noise) is the interspike interval (ISI) probability distribution. In the presence of noise, excitable systems respond by randomly spiking on a noisy background, with a mean firing rate that increases with the noise amplitude and with an exponentially vanishing (ISI) distribution cutoff at the refractory time [11] . In the chaotically spiking regime, instead, there are no external forces; the aperiodic background triggers excitable spikes in an erratic but completely deterministic sequence and, on top of the exponential tail, the ISI histogram displays a complicated structure of sharp peaks revealing the complex structure of unstable periodic orbits embedded in the chaotic attractor [9] . Although these features are reasonably separable in theory, in experimental situations, noise is an unavoidable part of the game. The role of noise in usual excitable systems, i.e., characterized by a fixed point rest state, has been widely investigated. Previous studies have shown that "noise may induce order" [12] through phenomena such as stochastic resonance (SR) and stochastic coherence (SC) (or coherence resonance). SR [13] refers to a situation in which the system exhibits the maximum correlation with the applied periodic signal at an optimal value of the noise amplitude. This phenomenon has been studied in different kinds of nonlinear systems [14] , e.g., in excitable [15] , [16] and bistable [17] , [18] amplitude even in the absence of periodic forcing in the system. This situation refers to a SC [19] - [21] . SC has been studied theoretically in excitable [22] and bursting [23] systems and has been demonstrated experimentally in various physical systems [24] - [26] . While SR can appear in systems exhibiting various dynamical regimes, SC can appear only in excitable systems, since it requires the existence of a refractory period. It has been shown theoretically in [27] - [29] that SC can be enhanced by coupling systems in an array. The same has been shown, also experimentally, for the case of SR [30] . In addition to SC, the phenomenon of stochastic incoherence (SI) has been reported, showing that in excitable systems there exists a range of noise amplitudes at which an increased variability in interspike intervals can be observed. The phenomenon has been demonstrated in the leaky integrateand-fire model [31] and in the FitzHugh-Nagumo model [32] .
In this paper, we demonstrate experimentally the existence of excitable chaotic attractors in light-emitting diodes (LEDs) with optoelectronic feedback. We consider a simple model equations describing the system, similar to that for the semiconductor laser dynamics. In particular, we focus on the study of noise effects on chaotic attractors. We extend the study of SC and SI to a general group of excitable systems, namely, those having chaotic attractors in place of fixed points. We show experimentally and numerically that coupling of two systems enhances SC and weakens SI. It means that, as the coupling strength between the two systems increases, the minimum values of coefficient of variation, which mark the SC region, become smaller than those estimated for the case of uncoupled systems. The same occurs for SI, occurring in the range where the maximum values of coefficient of variation appear, showing a global tendency of a system to a more regular (periodic) dynamics in the presence of coupling.
II. Experimental Setup
The study of chaos in optical systems has been motivated both by the fundamental interest in dynamical systems theory as well as by practical applications (e.g., chaotic communications [33] and optimization of light-collection systems [34] ). Optoelectronic semiconductor devices and, in particular, LEDs are ideal candidates for these kind of investigation. The dynamics of LEDs can be described in terms of two coupled variables (intensity and carrier density) evolving with very different characteristic time scales. The introduction of a third degree of freedom (and a third time scale) describing the acfeedback loop, leads to a 3-D slow-fast system, displaying complicated bifurcation sequences arising from the multiple time-scale competition between optical intensity, carriers, and the feedback nonlinear filter function. A similar scenario has been recently observed in semiconductor lasers with optoelectronic feedback [9] . Here, we consider a closed-loop optical system, consisting of a LED with ac-coupled nonlinear optoelectronic feedback (see Fig. 1 ).
The output light is sent to a photodetector producing a current proportional to the optical intensity. The corresponding signal is sent to a variable gain amplifier characterized by a nonlinear transfer function of the form f (w) = Aw/(1 + sw), where A is the amplifier gain and s a saturation coefficient, and then fed back to the injection current of the LED. The feedback strength is determined by the amplifier gain, while its high-pass frequency cutoff can be varied (between 1 Hz and 100 KHz) by means of a tunable high-pass filter. External signals or control bias can be added to the LED pumping current. As shown in [10] , the chaotic spiking regime can be understood in terms of excitability of a chaotic attractor, where the small chaotic background spontaneously triggers excitable spikes in an erratic but deterministic sequence. The time scale of these dynamics, much slower respect to typical carriers time scales (∼ 1 ns), is fully determined by the high- pass filter in the feedback loop [9] . External voltage noise, generated by an arbitrary function generator, can be added to the laser pumping current through a mixer. The systems are coupled bidirectionally through the bias current by means of differential amplifiers.
III. Dynamical Model
The dynamics of the photon density S and carrier density N is described by the usual rate equations appropriately modified in order to include the ac-coupled feedback looṗ
where I is the high-pass-filtered feedback current (before the nonlinear amplifier), f F (I) ≡ AI/(1 + s I) is the feedback amplifier function, I 0 is the bias current, e the electron charge, V is the active layer volume, g is the differential gain, N t is the carrier density at transparency, γ 0 and γ c are the photon damping and population relaxation rate, respectively, γ f is the cutoff frequency of the high-pass filter, k is a coefficient proportional to the photodetector responsivity, and β is the spontaneous emission coupling factor. Compared with optical feedback, optoelectronic feedback is reliable and robust because the system is insensitive to optical phase variations [35] - [37] . For this reason, the phase dynamics of the optical field can be eliminated. For numerical purposes, it is useful to rewrite (1) in dimensionless form. To this end, we introduce the new variables x = 
IV. Excitable Attractors in the Presence of Noise
As in the case of semiconductor lasers analyzed in [9] and [10] , a period-doubling route to chaos is observed as the bias current is varied. This produces a sequence of small periodic and chaotic attractors that develops before relaxation oscillations arise. On each of these attractors, the system displays excitable features: sufficiently strong stimuli added to the pumping current provoke a long excursion in the phase space, insensitive to the details of the perturbation, before returning to the initial attractor. During such excursion, the system is refractory to further perturbations as in the fixed-point-based excitability. As the bias current is further increased, the mean amplitude of the chaotic attractors grows and a chaotic-spiking regime appears, where large pulses are separated by irregular time intervals in which the system displays small-amplitude chaotic oscillations. This regime can be understood in terms of excitability of a chaotic attractor, where the chaotic fluctuations are sufficiently large to eventually trigger an excitable pulse. In Fig. 2 , we show the small-amplitude chaotic attractor (a) and its corresponding phase portrait (b), in the absence of externally added noise. When noise is added to the system, an irregular sequence of noise-triggered excitable spikes is observed [ Fig. 2(c) and (d)] . A similar behavior can be found by slightly changing the bias current; here, excitable pulses are erratically triggered by the chaotic background oscillations, thus having a purely deterministic origin [ Fig. 2(e) ]. The ISI probability distribution, shown in Fig. 2(f) is substantially different from a Poisson-like distribution, typical when the spikes are triggered by a Gaussian white noise. However, note that in the presence of noise, the system response consists of both deterministically and stochastically-triggered excitable pulses [ Fig. 2(g) ] and the ISI distribution recovers the Poissonlike features, typical of excitable systems [ Fig. 2(h) ]. In other words, the system somehow loses its chaotic characteristics converting into an usual noise-driven excitable system.
V. Enhancement of SC
The addition of noise changes the dynamical state of a system, as discussed in the previous section. Surprisingly, these changes are often described by nonlinear dependencies on the noise amplitude, as is the case of SC. We fix the bias current such that the system is in the chaotic spiking regime and we reconstruct the ISI probability distributions corresponding to different noise amplitudes. In the absence of noise, the distribution is broadened [ Fig. 3(a) ] and, although the temporal resolution is poor, it shows some peaks typical of the chaotic spiking regime [9] . At the intermediate noise amplitude, the distribution becomes sharper, demonstrating the existence of small variance in the mean value of ISI [ Fig. 3(b) ]. Finally, for larger noise amplitudes, the distribution again broadens giving rise to an increase of variance [ Fig. 3(c)] .
From the distributions, estimated for various noise amplitudes, the coefficient of variation CV = σ ISI / ISI is calculated and plotted in Fig. 3(d) . A clear minimum in CV, which corresponds to a minimum variation in interspike intervals, is observed in correspondence of an optimal noise amplitude, while the mean ISI tends decrease as noise amplitude increases. At small-noise amplitudes, also a maximum in CV is observed, which corresponds to a maximization of incoherence in response to noise.
The same phenomenology is observed in numerical simulations of (2) describing the phenomenology of dynamics observed in LEDs and is reported in Fig. 4(a)-(d) . In simulations, we considered an additive Gaussian white noise process ξ(t) with correlations ξ(t)ξ(t ) = 2Dδ(t − t ) and zero mean.
We finally consider two bidirectionally coupled LED systems as follows:ẋ
where x = {x 1 , y 1 , w 1 } and y = {x 2 , y 2 , w 2 } are vectors containing the system variables, and K is a coupling matrix. The systems, both in the chaotic spiking regime, are coupled bidirectionally through the bias current, so we take the matrix K containing only one nonzero and positive value K. The coupling has been chosen sufficiently weak in order to avoid chaotic synchronization. Therefore, each system follows a different chaotic spiking temporal evolution. Independent noise signals ξ y 1 and ξ y 2 are added to the bias currents of the two systems. Experimental measurements and numerical simulations show that the dependence of CV on noise amplitude D changes its shape. In particular, it appears that the minimum in CV, corresponding to the maximum coherence, decrease depending on the coupling strength K. The same occurs for SI, which corresponds to maximum values in CV. In 
VI. Conclusion
In this paper, we have shown the existence of chaotic excitable attractors in LEDs with optoelectronic feedback. We have studied experimentally the effects of noise on such chaotic spiking systems, showing that their bidirectional coupling changes the global dependence of CV on noise amplitude, causing the systems to fire more regularly. In particular, we have shown that SC can be enhanced by coupling, i.e., the minimum value of CV becomes smaller than that in the case of uncoupled systems. On the other hand, the SI is worsened, giving the smaller maximum of CV. These results revealed that noise amplitude can be considered as a parameter that controls the collective dynamics of the systems. The same results have been found numerically in a model well reproducing the observed phenomenology. The implementation of a complex network on a chip, composed by more than two interacting LEDs, will be the next step of our investigation.
